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BIRATIONAL GEOMETRY OF MODULI SPACES OF STABLE
OBJECTS ON ENRIQUES SURFACES
THORSTEN BECKMANN
Abstract. Using wall-crossing for K3 surfaces, we establish birational equivalence of
moduli spaces of stable objects on generic Enriques surfaces for different stability condi-
tions. As an application, we prove in the case of a Mukai vector of odd rank that they are
birational to Hilbert schemes and that under an extra assumption every minimal model can
be described as a moduli space. The argument makes use of a new Chow-theoretic result,
showing that moduli spaces on an Enriques surface give rise to constant cycle subvarieties
of the moduli spaces of the covering K3.
1. Introduction
Moduli spaces of stable sheaves on surfaces are much studied objects. As stability depends
on the choice of a polarization, it is interesting to study the dependence of the geometry
of the moduli spaces on this choice. The introduction of Bridgeland stability conditions [5]
prompted new techniques, which can be applied to study this question. In [2,3], Bayer and
Macrì have analyzed in detail the birational geometry of moduli spaces on projective K3
surfaces X. In particular, they proved that crossing a wall induces a birational transforma-
tion and that every smooth K-trivial birational model of a moduli space can be obtained
by varying stability conditions in Stab†(X).
The purpose of this paper is to prove analogous results for moduli spaces of stable objects
on Enriques surfaces Y . The main technique is to consider the covering K3 surface Y˜ and
use the already established results for Y˜ .
More precisely, using the pullback along the covering map π : Y˜ → Y , we get a 2:1
morphism of the moduli spaces MYσ (v) of stable objects on Y onto Lagrangian subvarieties
of the moduli spaces M Y˜
σ˜
(π∗(v)) on Y˜ [13,20]. Applying a result by Marian and Zhao [17],
we conclude
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Proposition 1.1 (see Proposition 4.2). Let v ∈ H∗alg(Y,Z) be a Mukai vector such that
π∗(v) ∈ H∗alg(Y˜ ,Z) is primitive and σ ∈ Stab
†(Y ) a generic stability condition. The image
of the morphism
π∗ : MYσ (v)→M
Y˜
σ˜
(π∗(v))
is a constant cycle Lagrangian.
Recall that a subvariety is called constant cycle if all its points become rationally equiv-
alent in the ambient variety.
It turns out that this cycle-theoretic property is enough to deduce birational equivalence
of moduli spaces with different stability conditions.
Theorem 1.2 (see Theorem 4.4). For Y a generic Enriques surface and v ∈ H∗alg(Y,Z) a
Mukai vector such that π∗(v) ∈ H∗alg(Y˜ ,Z) is primitive the moduli spaces Mσ(v) and Mτ (v)
are birationally equivalent, where σ, τ ∈ Stab†(Y ) are generic stability conditions.
More precisely, we show that the birational transformation obtained by Bayer and Macrì
[2, Thm. 1.1] for moduli spaces on K3 surfaces restricted to the moduli spaces on Enriques
surfaces induces a birational transformation. To prove this, we use that these are con-
stant cycle Lagrangians and, therefore, cannot be contained in the exceptional locus, cf.
Proposition 2.3.
This enables us to apply Fourier–Mukai transforms to the moduli space and change the
stability condition without changing its birational type. Using this technique, one relates
moduli spaces for different Mukai vectors.
Corollary 1.3 (see Proposition 4.6). Let Y be an Enriques surface and v ∈ H∗alg(Y,Z) a
primitive Mukai vector of odd rank. Then, for generic polarization H ∈ Amp(Y ) the moduli
spaces MH(v) are birationally equivalent to some Hilb
n(Y ).
If the rank is even, we deduce that the moduli spaces are Calabi–Yau manifolds employing
results by Saccà [21].
As a final application of the birational equivalence of wall-crossing we consider the natu-
ral nef divisor classes ℓσ associated to a stability condition σ [3, Sec. 4]. Since the birational
transformation of Theorem 1.2 can be obtained as the restriction of the birational trans-
formation of the moduli spaces on the K3 surface, we can furthermore prove the following
statement about minimal models of the moduli spaces.
3Theorem 1.4 (see Theorem 4.12). Let Y be a generic Enriques surface and v ∈ H∗alg(Y,Z)
a Mukai vector such that π∗(v) ∈ H∗alg(Y˜ ,Z) is primitive. Consider a generic stability
condition σ ∈ Stab†(Y ). Assume that the classes that are mapped to big and movable
divisors under the Mukai morphism have positive square with respect to the Mukai pairing.
Then, every smooth K-trivial birational model M of Mσ(v) appears as a moduli space.
The result is established by describing the image of the map ℓ : Stab†(Y )→ NS(MYσ (v)).
We expect the assertion about the positive square of classes which are mapped to big and
movable divisors to always hold. See Section 4.3 for further details.
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Notations and conventions. We work over the complex numbers. The bounded derived
category of a smooth projective variety X is denoted by Db(X). Throughout, Chow groups
are the groups of cycles modulo rational equivalence. An Enriques surface is called generic
if the Picard rank of its covering K3 surface is 10. In Section 4, unless otherwise specified,
we only consider generic Enriques surfaces. The moduli spaces on Enriques surfaces under
consideration have two components and we frequently omit the determinant in the notation.
2. Constant Cycle Subvarieties
Our approach uses the following class of subvarieties.
Definition 2.1. A subvariety Y ⊂ X is called a constant cycle subvariety if all points in
Y are rationally equivalent as points in X. If, moreover, X is a symplectic variety and Y
is a Lagrangian subvariety, then Y is called constant cycle Lagrangian.
Observe that if X is symplectic, then every constant cycle subvariety is isotropic, which
follows from Roitman’s Theorem [23, Prop. 10.24]. Thus, in the definition one may replace
the Lagrangian assumption with a condition on the dimensions 2 dim(Y ) = dim(X).
We refer to [11,24] for further discussions on constant cycle subvarieties. For our purposes
we only need the following properties.
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Lemma 2.2. Let X be a projective variety, Y a smooth projective variety and consider a
birational morphism f : X → Y . Then a subvariety Z ⊂ Y is constant cycle if and only if
f−1(Z) ⊂ X is a constant cycle subvariety.
Proof. Consider the commutative diagram
CH0(f
−1(Z)) CH0(X)
CH0(Z) CH0(Y ),
f∗
ι∗
f∗
ι∗
where ι denotes the inclusion of both subvarieties. If X is smooth, the birational map f∗
induces an isomorphism between CH0(X) and CH0(Y ) and the assertion follows from the
commutativity of the diagram. For arbitrary X, use a resolution of singularities π : X˜ → X
and argue as above using the above diagram and the corresponding one for π. ✷
The following result is the main ingredient for our proof of Theorem 1.2.
Proposition 2.3. Let X and Y be smooth varieties and f : X 99K Y a birational map.
Suppose X is symplectic and consider a constant cycle Lagrangian Z ⊂ X of Kodaira
dimension kod(Z) ≥ 0. Assume that a general point of the proper transform of Z is a
fundamental point of the birational map f−1. Then, Z cannot be contained in the exceptional
locus.
Proof. Consider the diagram
Γ
X Y,
p2p1
f
where Γ denotes the closure of the graph of f and pi the projections from X ×Y . Applying
Lemma 2.2, the variety
T := p1
(
p−12
(
p2
(
p−11 (Z)
)))
⊂ X
is a constant cycle subvariety containing Z. The fiber p−12 (a) ⊂ Γ for a fundamental point
a of f−1 is uniruled [15, IV. Prop. 1.5]. Thus, the images of the fibers under the morphism
p1 are non-trivial uniruled varieties. If for generic x ∈ Z there exists a fiber p
−1
2 (a) with
x ∈ p1(p
−1
2 (a)) and a rational curve x ∈ Cx ⊂ p1(p
−1
2 (a)) such that Cx is contained in Z,
then Z would be uniruled, in contradiction to kod(Z) ≥ 0.
5Hence, we may assume that for generic x ∈ Z the rational curves Cx ⊂ p1(p
−1
2 (a)) through
x are not contained inside Z. However, then the constant cycle subvariety T strictly contains
Z and, thus, is of larger dimension. Since the dimension of a constant cycle subvariety inside
a symplectic variety is bounded by half the dimension of the ambient space, we derive a
contradiction. ✷
In a similar vein one can show that constant cycle Lagrangians Z ⊂ X of non-negative
Kodaira dimension inside a smooth symplectic variety cannot be contained inside a uniruled
variety W ⊂ X. Indeed, if Z would be contained in W , there is again through every point
of Z a rational curve. These are also generically not contained inside Z. However, they
must be contained in the rational orbit
Oz = {x ∈ X | [x] = [z] in CH0(X)}
of a point z ∈ Z which is a countable union of constant cycle subvarieties. This yields a
contradiction.
3. Review: Stability Conditions and Moduli Spaces
3.1. Bridgeland stability conditions. Bridgeland [5] introduced the notion of a stability
condition on a triangulated category.
Definition 3.1. Let D be a triangulated category. A (full numerical) stability condition
σ = (Z,P) consists of a group homomorphism Z : K(D) → C, called the central charge,
and for each φ ∈ R a full additive subcategory P(φ) ⊂ D satisfying the following conditions
• If 0 6= E ∈ P(φ), then Z(E) ∈ R>0e
ipiφ.
• If φ1 > φ2 and Ei ∈ P(φi), then Hom(E1, E2) = 0.
• P(φ)[1] = P(φ+ 1).
• Every 0 6= E ∈ D has a categorical Harder–Narasimhan filtration.
• Z factors over the numerical Grothendieck group Knum(D).
• There exists a constant C > 0 such that for all φ ∈ R and objects E ∈ P(φ) we
have ‖E‖ ≤ C|Z(E)|, where we fix a norm ‖_‖ on Knum(D)⊗ R.
Objects in P(φ) are semistable of phase φ and simple objects in P(φ) are called stable.
Bridgeland constructed on the set of stability conditions Stab(D) a generalised metric to
show that it is a complex manifold [5, Thm. 1.2]. We only consider stability conditions for
the bounded derived category Db(X) of a smooth projective surface X.
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The space of stability conditions comes naturally with two group actions. The first one is
the group of exact autoequivalences Aut(Db(X)) acting via ψ.(Z,P) = (Z ◦ψ∗, ψ(P)). The
universal cover G˜L+(2,R) of GL+(2,R) acts on the right via (Z,P).(A, f) = (A−1 ◦Z,P ′),
where P ′(φ) = P(f(φ)).
Similiar to the case of Gieseker stability, the space of stability conditions Stab(X) admits
for a Mukai vector v a wall and chamber decomposition [6, Sec. 9]. We call a stability
condition generic (for v) if it does not lie on any of the walls. If v is primitive and σ
is generic, then σ-stability and σ-semistability coincide. Moreover, the set of stability
conditions for which a given object is stable is open in Stab(X).
Another important property of Bridgeland stability conditions is that we can recover
Gieseker stability as the large volume limit [6, Sec. 14].
3.2. Moduli spaces of stable objects on K3 and Enriques surfaces. Let X be a K3
or an Enriques surface. We denote by H∗alg(X,Z) the image of the map
v = ch(_)
√
td(X) : Knum(X)→ H
∗(X,Q).
On H∗alg(X,Z) there is the Mukai pairing
(v,w) :=
∫
X
−v0w4 + v2w2 − v4w0.
We first review briefly moduli spaces of stable sheaves on K3 surfaces. A Mukai vector
v = (r, c1, s) is positive if r > 0 or r = 0, c1 is effective and s 6= 0 or r = c1 = 0 and s > 0.
Theorem 3.2 (Mukai, Huybrechts, O’Grady, Yoshioka). If v is positive and primitive with
v2 > 0 and H is generic, the moduli space MH(v) of stable sheaves with Mukai vector v is a
projective hyperkähler variety of dimension 2n = v2+2 deformation equivalent to Hilbn(X).
The same result also holds true for moduli spaces of stable complexes [3]. Another key
result by Bayer and Macrì, which we need in our investigation of the birational type of
moduli spaces, is the following, cf. [2].
Theorem 3.3. Let X be a K3 surface, v a primitive Mukai vector and σ and τ generic
stability conditions in Stab†(X). Assume v2 > 0. Then, the moduli spaces Mσ(v) and
Mτ (v) are birational.
Moreover, every smooth K-trivial birational model of Mσ(v) appears as a moduli space
Mτ (v) of Bridgeland stable objects for some generic τ ∈ Stab
†(X).
7Now we pass to Enriques surfaces Y . Since their canonical divisor ωY is 2-torsion, the
moduli space for the Mukai vector v decomposes into
MYσ (v)
∼=MYσ (v, L) ⊔M
Y
σ (v, L⊗ ωY )
where we furthermore fix the determinant line bundle L respectively L⊗ωY . If the rank of
the Mukai vector is odd, the two components are isomorphic.
Kim [13, 14] was the first one to study moduli spaces of stable sheaves on Enriques
surfaces.
Proposition 3.4 (Kim). Given an Enriques surfaces Y with its universal cover π : Y˜ → Y ,
the morphism
π∗ : MYH (v)→M
Y˜
pi∗H(π
∗(v))
has degree 2 and it is étale onto its image away from all points [E] satisfying E ∼= E⊗ωY . Its
image is the fixed locus of the action given by the covering involution i∗ ∈ Aut(M Y˜pi∗H(π
∗(v)))
and is a Lagrangian subvariety.
Successive results by Yoshioka [26], Hauzer [9] and finally by Nuer [19,20] have lead to a
complete understanding of when the moduli spaces are non-empty. We only need
Theorem 3.5. Let Y be an Enriques surface, v ∈ H∗alg(Y,Z) a Mukai vector such that
π∗(v) ∈ H∗alg(Y˜ ,Z) is primitive and H a generic polarization. Then MH(v, L) is a non-
empty smooth projective variety with torsion canonical bundle provided v2 ≥ −1.
The category of coherent sheaves Coh(Y ) on an Enriques surface Y is naturally isomor-
phic to the category of coherent 〈i∗〉-sheaves Cohi∗(Y˜ ). This yields a natural equivalence
between the bounded derived categories Db(Y ) and Dbi∗(Y˜ ). In [16], the authors described
stability conditions on Enriques surfaces using i∗-invariant stability conditions on Stab†(Y˜ )
via the functors π∗ and π∗.
Theorem 3.6 (Macrì, Mehrotra, Stellari). The distinguished connected component Stab†(Y )
of the stability manifold of an Enriques surface embeds into the corresponding component
of its universal cover Stab†(Y˜ ). If Y is generic, the components coincide.
For a generic Enriques surface Y we denote by σ˜ ∈ Stab†(Y˜ ) the stability condition
corresponding to σ ∈ Stab†(Y ) , i.e. (π∗)−1(σ˜) = σ.
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Nuer [20] established the existence of projective coarse moduli spaces for Bridgeland
stability conditions on Enriques surfaces. For primitive Mukai vector these are also smooth
projective K-trivial varieties and the morphism
π∗ : MYσ (v)→M
Y˜
σ˜
(π∗(v))
is 2:1 onto the fixed locus of the action given by the covering involution.
4. Moduli Spaces of stable objects on Enriques Surfaces
We first observe that the image of the moduli space of stable objects on an Enriques
surface is a constant cycle Lagrangian. Shen, Yin, and Zhao [22] studied the group of zero-
cycles on moduli spaces of stable objects on K3 surfaces. They formulated a conjecture,
which was later proven by the third author and Marian [17].
Theorem 4.1 (Marian, Shen, Yin, Zhao). Let X be a K3 surface and v ∈ H∗alg(X,Z) a
primitive Mukai vector. For generic σ ∈ Stab†(X) consider the moduli space Mσ(v) of
stable complexes with Mukai vector v. For E,F ∈Mσ(v) we have
[E] = [F ] in CH0(Mσ(v)) ⇐⇒ c2(E) = c2(F ) in CH0(X).
By [4], Enriques surfaces Y satisfy Bloch’s conjecture. Since their Albanese variety is
trivial, we get CH0(Y ) = Z. Thus, we conclude the following for all Enriques surfaces Y
Proposition 4.2. Assume that π∗(v) ∈ H∗alg(Y˜ ,Z) is primitive and σ ∈ Stab
†(Y˜ ) is generic.
Then, the image of π∗ : MYσ (v)→M
Y˜
σ˜
(π∗(v)) is a constant cycle Lagrangian. ✷
If v = (r, c1,
s
2 ) ∈ H
∗
alg(Y,Z) is primitive and r is even, the hypothesis of the proposition
is fulfilled if and only if 2 does not divide gcd(r, c1) [19, Lem. 2.1].
Observe that this argument does not solely work for Enriques surfaces. For example,
one may take a K3 surface X given as a 2:1 cover X → P2. Similarly, one may consider
K3 surfaces with a non-symplectic automorphism of finite order. The quotient also satisfies
Bloch’s conjecture.
The moduli space MYσ (v) itself is not always CH0-trivial. Indeed, these moduli spaces
have Kodaira dimension zero which implies that the one-dimensional moduli spaces are
elliptic curves. However, as we will see later, moduli spaces parametrizing odd rank Mukai
vectors are always CH0-trivial.
94.1. Wall-crossing for generic Enriques surfaces. Recall that we have an action of
Aut(Db(Y˜ )) on Stab†(Y˜ ). By the work of Macrì, Mehrotra, and Stellari [16] we know that
the action of the covering involution i∗ is trivial on Stab†(Y˜ ). This yields
Lemma 4.3. The autoequivalence i∗ ∈ Aut(Db(Y˜ )) acts on the moduli space, i.e. for all
E ∈M Y˜
σ˜
(v˜) we have i∗E ∈M Y˜
σ˜
(v˜). In particular, if S ∈ Db(Y˜ ) is a spherical object which
is stable for some σ ∈ Stab†(Y˜ ), then i∗S ∼= S. ✷
The moduli space decomposes into MYσ (v)
∼=MYσ (v, L)⊔M
Y
σ (v, L⊗ωY ) and we concen-
trate only on one component omitting the determinant in the notation.
Consider now two stability conditions σ+, σ− ∈ Stab
†(Y ). Inside one chamber the moduli
spaces MYσ+(v) and M
Y
σ−(v) stay the same. Hence, we only need to study the relationship
of these two moduli spaces for σ+ and σ− in adjacent chambers. We can assume that the
corresponding stability conditions σ˜+ and σ˜− in Stab
†(Y˜ ) are also generic with respect to
π∗(v) and lie in adjacent chambers since Y is generic.
Theorem 4.4. Let Y be a generic Enriques surface and v ∈ H∗alg(Y,Z) a Mukai vector such
that π∗(v) ∈ H∗alg(Y˜ ,Z) is primitive. Then, for generic stability conditions σ, τ ∈ Stab
†(Y )
the moduli spaces MYσ (v) and M
Y
τ (v) are birationally equivalent.
Proof. To ease notation, we prove the statement at first only for odd rank Mukai vectors
and describe at the end how to deduce the result in the even rank case. Recall that under
this assumptionMYσ (v) →֒M
Y˜
σ˜
(π∗(v)) is an embedding of a constant cycle Lagrangian since
we only consider one component.
Consider the moduli spaces MYσ+(v) and M
Y
σ−(v) in adjacent chambers and embed them
inside M Y˜
σ˜+
(π∗(v)) and M Y˜
σ˜−
(π∗(v)) respectively. We know the assertion for the two moduli
spaces of stable objects on the K3 surface Y˜ . For our purpose we need an additional property
of the birational map. Observe that, since i∗ acts on the moduli spaces M Y˜
σ˜+
(π∗(v)) and
M Y˜
σ˜−
(π∗(v)), it makes sense to ask whether the birational map is i∗-equivariant.
The occuring birational map depends on the wall in the sense of [2, Thm. 5.7]. There are
three different types. The first type induces a divisorial contraction of the moduli space.
The contraction map contracts curves of stable objects that become S-equivalent for a
stability condition on the wall. The second type is a wall inducing a flopping contraction.
The remaining case is a fake wall, i.e. there are no curves in M Y˜
σ˜+
(π∗(v)) and M Y˜
σ˜−
(π∗(v))
that become S-equivalent with respect to a stability condition on the wall.
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We now treat each of these cases and show that the corresponding birational map is
equivariant.
In case of a flopping contraction or a fake wall there either exists a common open subset
whose complement has at least codimension two or the birational map is induced by the
composition of spherical twists. The spherical objects involved are all stable for some
stability condition. Using Lemma 4.3 we see that in both cases the map is equivariant.
The case of a wall inducing a divisorial contraction is divided into three subcases. If we
are in the Brill–Noether case, the birational map is again defined on an open subset to be
a sequence of spherical twists associated to stable spherical objects.
The second type is the Hilbert–Chow case. Here, the proof uses an isotropic vector
w ∈ H∗alg(Y˜ ,Z) that satisfies (π
∗v,w) = 1 to identify Db(Y˜ ) with the bounded derived
category of the fine moduli space M of stable objects with class w. The automorphism
i of Y˜ induces an action on M such that the induced autoequivalences on the bounded
derived categories are compatible with the universal sheaf as in [7, Sec. 5]. After this
identification, the moduli spaces M Y˜
σ˜+
(π∗(v)) and M Y˜
σ˜−
(π∗(v)) become isomorphic via the
derived autoequivalence (_)∨[2].
The last occurring type is called Li–Gieseker–Uhlenbeck. We again identify Db(Y˜ ) with
a moduli space M but this time we may have a Brauer class α ∈ H2(X,O∗X ) of order at
most 2. As i is a non-symplectic involution, it still induces an action of the twisted K3
surface M which is again compatible with the universal sheaf. Then, the birational map is
given on an open subset as the functor (_)∨ ⊗ L[2], where L is a line bundle on M . Since
L is invariant under the induced action of i∗, we get that all the possible birational maps
are equivariant.
Denote by f : M Y˜
σ˜+
(π∗(v)) 99K M Y˜
σ˜−
(π∗(v)) the biratonal map and U the biggest open
subset where f is an isomorphism. The intersection U∩MYσ+(v) ⊂M
Y˜
σ˜+
(π∗(v)) is non-empty
by Proposition 2.3. SinceMYσ±(v) can be identified with the fixed set of the involution i
∗ and
f is equivariant, the induced map f |MYσ+(v)
: MYσ+(v) 99K M
Y
σ−(v) gives the desired birational
transformation. This finishes the proof for Mukai vectors of odd rank.
If the rank is even, we can still deduce that the image of both components of the moduli
spaceMYσ±(v) under π
∗ intersects the open set U . Indeed, the pullback is étale onto its image
and, therefore, the image is still of Kodaira dimension 0. Thus, there are i∗-equivariant
Fourier–Mukai transforms inducing a birational map between π∗(MYσ+(v)) and π
∗(MYσ−(v)).
To deduce the result for the moduli space we just observe that π∗ corresponds to forgetting
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the equivariant structure. Thus, the isomorphism on the image can be used to obtain an
isomorphism of equivariant sheaves [7, Thm. 4.5]. ✷
4.2. Birational moduli spaces. We study the geometry of π∗ : MYσ (v)→M
Y˜
σ˜
(π∗(v)) and
the two moduli spaces involved. We start with the hyperkähler manifold. Since the torsion-
free part of the second cohomology of an Enriques surface is isometric to U ⊕ E8(−1), we
only have to focus on Mukai vectors v˜ = (r, c1, s) with c1 ∈ U(2) ⊕E8(−2).
Lemma 4.5. Let Y˜ be a K3 surface with a fixed-point-free involution and v˜ = (r, c1, s)
a primitive Mukai vector with c1 ∈ U(2) ⊕ E8(−2) ⊂ Pic(Y˜ ), r odd and v˜
2 > 0. Then,
for generic σ˜ the moduli space M Y˜
σ˜
(v˜) is birationally equivalent to some Hilbert scheme of
points on Y˜ .
Proof. The proof follows evidently from [26, Thm. 4.6]. ✷
The statement also holds true for Enriques surfaces and Mukai vectors of odd rank.
Proposition 4.6. Let Y be a (not necessarily generic) Enriques surface and v = (r, c1,
s
2 )
be a primitive Mukai vector with r odd. Then, for generic H, the moduli space MH(v) is
birationally equivalent to the Hilbert scheme of points Hilbn(Y ).
Proof. The theorem is immediate for generic Enriques surfaces using again [26, Thm. 4.6]
and weakly-spherical twists [20, Prop. 6.11].
Now we consider the non-generic case. Consider a family π : Y → B of Enriques surfaces
with non-generic central fiber and generic general fiber. We construct two families. The first
one is the relative Hilbert scheme φ : HilbnB(Y)→ B whose fibers are the Hilbert scheme of
points on Yb. The second is the relative moduli space of stable sheaves ψ : MY/B(v) → B.
All fibers of both families are smooth K-trivial varieties. By the above we know for general
b ∈ B that the fibers φ−1(b) and ψ−1(b) are birationally equivalent. Thus, there is at least
one component of the relative Hilbert scheme HilbB(Hilb
n
B(Y) ×B MY/B(v)) that contains
uncountably many birational correspondences between the fibers. The universal subvariety
parametrized by this component then induces a birational correspondence on the special
fiber, cf. [18, Thm. 1]. ✷
In fact, the birational equivalence is a K-equivalence. Since the above construction is
compatible with π∗, the inclusion of moduli spaces of stable sheaves is up to K-equivalence
the inclusion of the Hilbert scheme of points inside the Hilbert scheme of the covering K3
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surface. Hence, the constant cycle Lagrangians are already CH0-trivial. If relative moduli
spaces of Bridgeland stability conditions over a curve are constructed, the same proof gives
the above result for moduli spaces of stable complexes, see [1].
We now want to determine the birational type in the even rank case.
Proposition 4.7. Let Y be a generic Enriques surface and v an even rank Mukai vector
such that π∗(v) is primitive and v2 > 0. Then, MYσ (v) is birational to M
Y
σ′ (v
′), where the
Mukai vector v′ = (0, c1,
s
2) has primitive and effective c1 and σ
′ is generic for v′.
Proof. Suppose v = (r, c1,
s
2) has strictly positive rank r > 0. Using the techniques of the
proofs of Hauzer and Nuer, we know that every moduli space MYσ (v) is birational to a
moduli space where r = 2. Since π∗(v) is primitive, 2 does not divide c1. Hence, we can
write c1 = a1e+ a2f + ξ, where e and f denote the standard basis of the hyperbolic plane
U , ai ∈ {0, 1} and ξ ∈ E8(−1) is primitive.
If a1 = a2 = 0, choose η ∈ E8(−1) satisfying ηξ = −
s
2 and consider D := e −
η2
2 f + η.
Then D2 = 0 and Dξ = − s2 . Applying exp(D) and the weakly spherical twist associated to
the structure sheaf yields the assertion.
If a1 = 1 or a2 = 1, use D = −
s
2f respectively D = −
s
2e and conclude as above. ✷
The proposition enables us to apply the results of Saccà [21].
Corollary 4.8. Let v ∈ H∗alg(Y,Z) be an even rank Mukai vector such that π
∗(v) is primitive
and v2 > 0. Then, M :=Mσ(v) is a smooth projective Calabi–Yau variety, i.e.
ωM ∼= OM and h
p,0(M) = 0 for p 6= 0, v2 + 1. ✷
4.3. Minimal models of moduli spaces. As a last application of Theorem 4.4, we show
that under an extra assumption all birational smooth K-trivial models ofMYσ (v) for generic
Y and π∗(v) primitive can be obtained as a moduli spaceMτ (v) for some stability condition
τ ∈ Stab†(Y ).
The same statement for K3 surfaces has been proven by Bayer and Macrì [2, Thm. 1.2].
The argument uses the nef divisor ℓσ˜ ∈ NS(M
Y˜
σ˜
(v˜)) naturally associated to a stability
condition σ˜ ∈ Stab†(Y˜ ) [3, Sec. 4]. It can be defined using the composition
Stab†(Y˜ )
Z
−→ P+0 (Y˜ )
I
−→ (π∗(v))⊥
θ∼
σ−→ NS(M Y˜
σ˜
(π∗(v))),
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where Z : Stab†(Y˜ ) → P+0 (Y˜ ) ⊂ H
∗
alg(Y˜ ,Z) ⊗ C is the covering map which sends a sta-
bility condition σ = (Z,P) to the element ΩZ satisfying Z(_) = (ΩZ ,_) [6, Thm. 1.1],
I(w) = −Im( w(w,pi∗(v)) ) and θσ˜ is the Mukai morphism, cf. [12, Sec. 8.1].
In our arguments we use the following compatibility result.
Lemma 4.9. The diagram
Stab†(Y˜ ) P+0 (Y˜ ) π
∗(v)⊥ NS(M Y˜
σ˜
(π∗(v)))
Stab†(Y ) P+0 (Y ) v
⊥ NS(MYσ (v))
(pi∗)−1
Z
pi∗
I θ∼σ
pi∗ (pi∗)∗
Z I θσ
commutes.
Proof. The commutativity of the left square is proven in [16, Prop. 3.1]. The proof for
the right square is analogous to the proof of [20, Prop. 10.2] and the commutativity of the
middle square is immediate. ✷
For two adjacent chambers C+, C− we pick again stability conditions σ± ∈ C
± and a
stability condition σ0 on the wallW separating the two chambers. We identify NS(M
Y
σ+(v))
and NS(MYσ−(v)) using the restriction of the birational transformation between M
Y˜
σ˜+
(π∗(v))
and M Y˜
σ˜−
(π∗(v)). This gives us two maps
ℓ± : C± → NS(MYσ+(v)).
We now study the behaviour at the wall W. We denote by W˜ the corresponding wall
in Stab†(Y˜ ). The stability condition σ˜0 produces nef and big divisor classes ℓσ˜0,± on
M Y˜
σ˜±
(π∗(v)) which give rise to birational contraction morphisms
πσ˜± : M
Y˜
σ˜±
(π∗(v))→ M˜±.
Lemma 4.10. The maps ℓ+ and ℓ− agree on the wall W when extended by continuity.
(i) If πσ˜+ is an isomorphism or a small contraction, then the maps ℓ
+ and ℓ− are
analytic continuations of each other.
(ii) If πσ˜+ contracts a divisor D˜, then the maps ℓ
+ and ℓ− differ in NS(MYσ+(v)) by the
reflection ρD, where D = (π
∗)∗D˜.
Proof. The assertion follows from the corresponding statement for the covering K3 surface
[2, Lem. 10.1] and Lemma 4.9. ✷
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Nuer [20] studied the nef divisors ℓσ0,± and was able to transfer results from [3] to
moduli spaces of Enriques surfaces and showed that these are as well semiample. However,
the question whether or not these divisors are big remained open.
Proposition 4.11. The nef and semiample divisors ℓσ0,± ∈ NS(M
Y
σ±(v)) are big and induce
birational contraction morphisms
πσ± : M
Y
σ±(v)→M±.
Proof. Consider the images of the moduli spaces π∗(MYσ±(v)) ⊂ M
Y˜
σ˜±
(π∗(v)). A curve
C ⊂MYσ±(v) gets contracted to a point under the morphism associated to the linear system
|ℓσ0,±| if and only if its image π
∗(C) ⊂M Y˜
σ˜±
(π∗(v)) gets contracted to a point.
There are three possible cases for the contraction on the K3 side [3, Thm. 1.4]. If the wall
is a fake wall, then no curve gets contracted and the same remains true on the Enriques side.
If the morphism induced by the big line bundle has an exceptional locus B that is contracted,
there are two possibilities. Firstly, the induced morphism is a divisorial contraction. In this
case the divisor B has negative square with respect to the Beauville–Bogomolov form and
is therefore uniruled [10]. Secondly, the codimension of the subvariety B that is contracted
is greater than one. In this case B is even rationally chain connected [8].
In either case the image π∗(MYσ±(v)) cannot be contained in the uniruled variety B since
it is a constant cycle Lagrangian of non-negative Kodaira dimension. ✷
We now come to our final result about the minimal models. Unfortunately, we have to
impose an extra assumption in our theorem.
Consider the Mukai morphism
θσ : v
⊥ → NS(Mσ(v)).
In the case of a K3 surface and moduli of stable sheaves, Yoshioka [25] has proven that this
morphism induces an isometry between v⊥ with the Mukai pairing and the Néron–Severi
group with the Beauville–Bogomolov form on the hyperkähler variety. This result has been
generalized to Bridgeland stability conditions by Bayer and Macrì [3, Thm. 6.10]. Thus, for
a ∈ v⊥ to be mapped to a big and movable divisor its square has to be positive.
To the best of my knowledge, there are no results on the relationship in the case of
moduli spaces on Enriques surfaces. In particular, it is unclear whether the square of a
class mapping to a big and movable divisor is positive. Small evidence for this assertion is
that the ample divisors constructed by Huybrechts and Lehn [12, Thm. 8.1.11] and Nuer
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[20, Cor. 12.6] all satisfy this property. We denote by (⋆) the assumption that for the moduli
space of stable objects on an Enriques surface classes which are mapped under θσ to a big
and movable divisor have positive square with respect to the Mukai pairing.
The following result implies that all birational models of a moduli space of stable com-
plexes are again moduli spaces.
Theorem 4.12. Let Y be generic and fix a basepoint σ ∈ Stab†(Y ). Assume (⋆) holds.
Then, the image of the map
ℓ : Stab†(Y )→ NS(MYσ (v))
is the intersection of the movable cone and the big cone.
Proof. Take a big and movable divisor D and consider a class a such that θσ(a) = D. The
arguments from the proof of [2, Thm. 1.2(b)] apply to our situation. Hence, there is a path
γ : [0, 1] → P+0 (Y ) starting at γ(0) = Z(σ) and ending at (possibly a slight modification
of) γ(1) = ia − vv2 ∈ H
∗
alg(Y,Z) ⊗ C. Furthermore, for all t ∈ [0, 1] the class θσ(I(γ(t))) is
contained in the movable cone of MYσ (v). Since the morphism Z : Stab
†(Y )→ P+0 (Y ) is a
covering, we can lift the path γ to obtain a path δ : [0, 1]→ Stab†(Y ) starting at δ(0) = σ.
To conclude the proof we want to apply Lemma 4.10. Therefore, we have to show that the
path δ˜ in Stab†(Y˜ ) does not hit a wall corresponding to a divisorial contraction. However, a
divisorial contraction on the K3 side would induce a divisorial contraction on the Enriques
side since (π∗)∗ : NS(M Y˜
σ˜
(π∗(v))) → NS(MYσ (v)) is injective. This is not possible because
at each point of the path δ the image under the map ℓ is contained in the movable cone. ✷
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